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MATH 5355 / Graph Theory (Dr. Shen): HW #3

Hand In: (1.4): 8, 23, 37

(2.1): 4, 10, 29

Exercise 1.4.8
Prove that ∃ an n-vertex tournament with d− (v) = d+ (v) ∀ v ∈ V(T) iff n is odd.
Proof.
−→
Let: T be a complete, oriented graph st d− (v) = d+ (v) ∀ v ∈ V(T)
We know that v is adjacent to all the other n - 1 vertices, and that |E(T)| =
By Proposition 1.4.18, we know that:
X
X
d+ (v) =
d− (v) = E(D)
v ∈ V (D)

n(n−1)
2

where |V(T)| = n

v ∈ V (D)

So,
d+ (v) + d− (v) = n − 1
Case:
i) n is even
Then,
d+ (v) + d− (v) = n − 1 = 2k − 1, k ∈ N
(an odd number)
So, one of {d+ (v), d− (v)} is even, and the other is odd.
This implies that d+ (v) cannot equal d− (v).
ii) n is odd
Then,
d+ (v) + d− (v) = n − 1 = 2k + 1 − 1 = 2k, k ∈ N
(an even number)
If we let d+ (v) = d− (v) ∀ v ∈ V(T), then we can imagine all vertices ∈ V(T) in a circle with k edges
with v as a head, and k edges with v as a tail. Simply rotating this configuration around creates a
tournament st d+ (v) = d− (v) ∀ v ∈ V(T) and n is odd.
←−
We have seen above that if n is odd, then creating a tournament such that d+ (v) = d− (v) ∀ v ∈ V(T) is
possible.
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Exercise 1.4.23
Prove that every graph G has an orientation D that is ”balanced” at each vertex, meaning that
−
|d+
D (v) − dD (v)| ≤ 1 ∀ v ∈ V(G)

(1)

Proof.
Recall that a graph is Eulerian iff it has at most one non-trivial component and its vertices all have an even
degree.
First off, let’s make sure that G has no trivial components by adding an edge between any vertices of degree
0.
Now, ∀ v ∈ V(G) st deg(v) is odd, let’s add edges such that each v is paired with another v of odd degree.
If the number of vertices of odd degree is odd, then we can just pair up all the odd vertices except one, and
save the last odd vertex for later - let’s call it v1 if it exists.
Now, at this point, we can make a Eulerian trail of G such that each edge in the trail is oriented the same
way. If v1 exists, it becomes the start of the trail. If not, pick any arbitrary v ∈ V(G) to be the start.
Notice that, at this point, G fits condition (1).
If we delete all the edges we added, then G is still balanced since
a. all the vertices of degree 0 are balanced by definition
b. all the vertices of even degree that became odd are still balanced since d+ (v) - d− (v) is either 1 or −1.
c. v1 , if it existed, is balanced since d+ (v) - d− (v) is either 1 or −1.
Hence, result.

Exercise 1.4.37
Consider the following algorithm whose input is a tournament T.
1. Select a vertex x in T.
2. if (d− (v) == 0) call x a king of T and stop
3. else: delete {x} ∪ N+ (x) from T to form T0
4. Run the algorithm on T0 . Call the output a king in T and then stop.
Prove that this algorithm terminates and produces a king in T.
Proof.
Case
i) x is a king. Then, result.
ii) x is not a king.
So, after {x} ∪ N+ (x) is deleted, N− (v) will still exist, which is nonempty by definition.
In fact, what’s leftover is actually a tournament since deleting a vertex deletes all edges attached to it,
which makes every leftover vertex still connected to every other leftover vertex.
By induction, a king will eventually chosen since, at the very worst, you’ll end up with a vertex with
no edges (which is a king by default).
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Exercise 2.1.4
Prove or disprove:
Every graph with fewer edges than vertices has a component that is a tree.
Proof.
Let: G be a graph st |E(G)| < |V(G)|
Then |V(G)| - |E(G)| ≥ 1
If δ(G) = 0, then there must exist a vertex with no edges, which is by definition a tree component.
On the other hand, if δ(G) > 0, then ∆(G) must be 1, which makes G contain at least one path, and therefore
contains at least one tree component.

Exercise 2.1.10
Let u and v be vertices in a connected n-vertex simple graph.
Prove that if d(u, v) > 2, then d(u) + d(v) ≤ n + 1 - d(u, v).
Proof.
Let: u, v ∈ V(G) st d(u, v) > 2 and |V(G)| = n
Notice that if G is only a u, v-path with two vertices in between, then
n =4
d(u, v) = 3
d(u) = 1
d(v) = 1
For this specific base case, d(u) + d(v) ≤ n + 1 - d(u, v), since 1 + 1 ≤ 4 + 1 - 3 −→ 2 ≤ 2
Notice that if a vertex is added between who adjacent vertices in the u, v-path, d(u,v) increases by one and
n increases by 1.
However, if a vertex is added that doesn’t increase the path length, d(u,v) does not increase, but n still
increases.
Hence, you can add a vertex anywhere, and if d(u, v) ≥ 3, then the inequality holds. You can also do this
any number of times.
Notice also that any vertices added to be either adjacent to u or adjacent to v will increase n by that amount.
Notice also that this will not change d(u, v) if the vertices are simply appended.
Since any net increase in d(u) or d(v) will result in the same net increase on the other side of the inequality
through n, the inequality holds for any degree of u or v > 0
Hence, if u, v ∈ V(G) where G is a connected n-vertex simple graph and d(u, v) > 2, then d(u) + d(v) ≤ n
+ 1 - d(u, v).
Construct examples to show that this can fail whenever n ≥ 3 and d(u, v) ≤ 2.
K3
Pick any two unique vertices from V(K3 ).
d(u) + d(v) ≤ n + 1 - d(u, v)
2+2≤3+1-1
4 ≤ 3 (which is untrue)
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Exercise 2.1.29
Prove that, since every tree is bipartite, every tree has a leaf in its larger partite set (in both if they have
equal size).
Technically, according to the definition of a leaf (a vertex with degree 1), this proof is not
accurate. A counter example is a tree with one vertex of degree 0.
However, for the sake of the homework problem, I will try to prove it assuming the minimum
amount of edges is 1.
Proof.
Let: T be a tree, X and Y be the partitions of T st |X| ≥ |Y|
Suppose: X has no leaf
This implies that the minimum degree of each v ∈ X is 2.
So, X must be adjacent to at least |X| + 1 other vertices not in X.
Since |Y| ≤ |X|, there must be at least one other vertex that X is adjacent to that is part of neither Y nor
X. A contradiction.
Hence, every partite set equal to or larger than the other partite set of a tree must contain a leaf.
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